Abstract. We derive a conditional formula for the natural density E(q) of prime numbers p having its least prime primitive root equal to q, and compare theoretical results with the numerical evidence.
Theoretical result concerning the density of primes with a given least prime primitive root
Let us denote, following Elliott and Murata [4] , by g(p) and G(p) the least primitive and the least prime primitive root mod p, respectively. The first aim of this paper is to derive from the work of Matthews [5] a conditional (under the generalized Riemann hypothesis) formula for the density of primes p such that G(p) = q, where q is a given prime, and to compare this formula with the numerical evidence. Next we give for each prime q ≤ 349 the least prime p such that G(p) = q, if such p exists below 2 31 , and we compare G(p) with (log p)(log log p) 2 , which, according to a conjecture of E. Bach [2] , is the maximal order of G(p) (i.e., 0 < lim sup
G(p)
(log p)(log log p) 2 < ∞). We also numerically investigate the average value of the least prime primitive root.
In order to formulate the theorem, we denote by p n the nth prime and, for a given set M , by |M | its cardinality. Now we can state
Theorem. Assume that the Riemann hypothesis holds for each of the fields Q(
. . , ln √ p n ), where k = l.c.m. l i is squarefree. Then the set of primes p such that G(p) = p n has a natural density equal to
where 
The above formula for c m,n is due to the referee, which we gratefully acknowledge. The expression given in (2) can be efficiently evaluated using a generating function approach. Our original formula was less suitable for computation.
The proof is based on two lemmas, in which the letters p, q, r, are reserved for primes and log 2 x = log log x.
On the assumption of the Riemann hypothesis for each extension
where k = l.c.m.l i is squarefree we have 
.
Proof. This is how Theorem 13.2 of Matthews [5] simplifies when his set M consists of primes.
Lemma 2. In the notation of Lemma 1
Proof. Let us put in Theorem 7.11
where ζ p is a primitive root of unity of order p. The extension L/K is Abelian and its Galois group is isomorphic to 
and
On the other hand if M ε = {r : r ≡ ε mod 4}, the condition 
and (1) follows from (2), (3), (5), (6) and (7). 
Results of numerical investigations
This section addresses two practical topics:
• It attempts to verify empirically the existence of positive densities E(p n ) for all primes having their least prime primitive root equal to p n . By formulas (1) and (2), values of E(p n ) for n ≤ 25 have been computed. These values were compared with the frequencies calculated empirically on computers.
• It attempts to answer the question of whether the average value of the least prime primitive root tends to a finite limit. The computation of E(p n ) was programmed for all n ≤ 25 with the aid of an IBM PC (Pentium 100 Mhz) computer using Borland's PASCAL compiler. Table  1 shows the results of the computation of E(p n ) according to formulas (1) and (2) for initial values of n. The constants ∆ n were computed with high accuracy and are as follows: The calculation was similar to that of Wrench [9] . One can prove that lim n→∞ ∆n ∆n+1 = 2. Note that E(2) is Artin's constant and that E(3) = ∆ 1 − ∆ 2 . The referee has observed that E(p n+1 )/E(p n ) seems to tend to a limit, but we are unable to prove or disprove this.
Additionally the frequencies of least prime primitive roots for prime numbers from the interval [3, 2147483647] were computed. The computations were done on several IBM PC Pentium computers. The program for the computations was optimized for 32-bit arithmetic. Results of computations are gathered in Table 2 . The correctness of computations was monitored in several ways.
• The number of generated primes. To verify the number of generated primes that least prime primitive roots were searched for, the algorithm by D. C. Mapes from 1963, for finding isolated values of the π(x) function (the number of primes ≤ x) was used.
• Verification of the factorization of p− 1, where p is a randomly selected prime, with the aid of procedures independently implemented by other people.
• Partial verification of computations by existing packages, e.g., GP/PARI, Maple. Let us denote by N (p n , x) the number of least prime primitive roots equal to p n for primes not exceeding x and respectively by E(p n , x) the natural density of primes not exceeding x, having their least primitive roots equal to p n . Graphs of the functions E(p n , x) for primes p n < 32 and x < 21 · 10 8 are given below. Figures 1-11 show us that the behavior of natural densities of primes with a given least primitive root equal to a small prime number is extremely regular. The functions E(p n , x) for primes p n < 32 stabilize very early and at least four decimal digits after the dot are constant.
Let us denote by E * (x) the average value of the least prime primitive root of primes not exceeding x, that is
and the above sum is extended for all primes p less than or equal to x. It is still an open problem whether E * (x) tends to a constant value when x tends to infinity. Table 3 and the graph of the function E * (x) for x < 2.1 · 10 9 ( Figure  12 ) allow us to believe that E * (x) will really tend to a constant. With the aid of computer programs, the average values of least prime primitive roots were computed. Table 3 collects these values. Table 4 registers the very first occurrence of a prime number as a least prime primitive root greater than the previous one. With the aid of the table one can approximate the growth rate of prime primitive roots. It can easily be seen that the growth rate of the least prime primitive root of primes is well approximated by small powers of logarithms of these primes. E. Bach [2] surmises, giving probabilistic arguments, that lim sup
where γ in the above formula is equal to the Euler constant 0.5772 . . . . The validity of the above limit may be of great importance for practical purposes, e.g., for primality testing. The existence a small primitive root of a prime number is the basic assumption in many primality testing strategies. Table 4 supports the correctness of Bach's computations. In the Table 5 we present minimal prime numbers p having prescribed least prime primitive roots q ≤ 349, corresponding to G(p) = q, the least primitive root g(p), and the factorization of p − 1. We see that all primes below 350 with the exception of 311, 313, 317, 331 and 337 occur as the least prime primitive root of a prime less than 2 31 .
Conclusions and proposals for future investigations
We derived a conditional formula for the natural density E(p n ) of prime numbers p having its least prime primitive root equal to p n . For every prime number from the interval [3, 2147483647(= 2 31 − 1)] the least prime primitive root has been found. Under the generalized Riemann hypothesis, densities E(p n ) of prime numbers having their least prime primitive root equal to the prime p n , where p n < 100, were computed (Table 1) . These values were compared with empirical values ( Table  2 ). The agreement of both: theoretical and practical results are surprisingly good.
Relying on the computed material, the average value of the least prime primitive root has been found (Table 3) .
It seems reasonable (Table 4) to majorize the value of the least prime primitive root of a prime by a constant multiple of the square of the natural logarithm of that prime. It would be useful to find a stronger theoretical estimate than that found by Ankeny [1] on the extended Riemann hypothesis, namely G(p) = O(Y 2 log 2 Y ), where Y = 2 ω(p−1) log p and ω(n) is the number of distinct prime factors of n. It is highly probable that the estimate can be improved to the form G(p) < log 1+ε p, where ε can be any positive number as suggested by E. Bach.
We extended the investigations of least (unrestricted) primitive roots to the bound 3 · 10 10 , but they were stopped because of highly time-consuming computations. The results will be submitted for publication in the near future. It would be very useful to extend the computations of least (prime) primitive roots for all primes p < 10 11 or higher, but for this project much more powerful machines should be applied.
